Introduction
Reflexive sheaves are nowadays a common tool to study projective varieties. In the present paper we apply reflexive sheaves to study projective morphisms. Given a projective map ~: X -Y and an ample line bundle £ on X one may consider an associated coherent sheaf F := ~* on Y. The knowledge of the sheaf F allows sometimes to understand some properties of the variety X and of the map . This is a typical way to study cyclic coverings (or, more generally, finite maps) and projective bundles. In the latter case one may choose the bundle £ to be a relative O(1)-sheaf so that X = P(F). A similar approach can be applied to study equidimensional quadric bundles: again, choosing £ as the relative O(1), one produces a projective bundle P(F) in which X embeds as a divisor of a relative degree two. Note that, in all the above examples, if X and Y are smooth then the map p is flat and the resulting sheaf F is locally free. In the present paper we want to extend the method also to non-flat maps. In particular, we will consider varieties which arise as projectivizations of coherent sheaves. Our motivation for this study was originally two-fold: firstly we wanted to understand the class of varieties called by Sommese (smooth) scrolls -they occur naturally in his adjunction theory -and secondly we wanted to complete a classification of Fano manifolds in index r, dimension 2r and b2 2 -the task which was undertaken by the second named author of the present paper. As our understanding of the subject developed we have realised that many other points and applications of the theory of projective fibrations are also very interesting and deserve proper attention. However, for the sake of clarity of the paper we refrained from dealing with most of the possible extensions of the theory. Therefore, in the present paper we will deal mostly with coherent sheaves whose projectivizations are smooth varieties. This class of sheaves is related to the class of smooth sheaves which were studied by Constantin Bânicâ in one of his late papers. Thus we decided to name the class of the sheaves studied in the present paper after Bânicâ to commemorate his name.
The paper is organised as follows: in the first two sections we introduce some pertinent definitions and constructions and subsequently we examine their basic properties. In particular we prove that Bânicâ sheaves of rank n (where n is the dimension of the base) are locally free, and subsequently we discuss a version of a conjecture of Beltrametti and Sommese on smooth scrolls. In Section 3 we gathered a number of examples which illustrate some aspects of the theory. From Section 4 on we deal with Bânicâ sheaves of rank n -1: first we discuss when they can be extended to locally free sheaves and examine numerical properties of extensions. In the remaining two sections we apply this to study ampleness of the divisor adjoint to a Bânicâ sheaf and then to classify Fano manifolds of large index which are projectivizations of non-locally free sheaves.
Notation and assumptions
We adopt standard notation, see Hartshome's textbook [H1] . We will frequently identify divisors and line bundles on smooth varieties. We assume that all varieties are defined over complex numbers, though the definitions and some results are also valid for varieties over an algebraically closed field.
Projectivization
First, let us recall the definition of a projectivization of a coherent sheaf E over a scheme V, see [G] and [H1] for details.
(1.0). We start with a local description. Let A be a Neotherian ring and M a finitely generated A-module. We will also usually assume that the ring A is an integrally closed domain, though it is not needed for the definitions. Let [H2] , [BC] and [HH] .
In the present paper we will deal with another special class of coherent sheaves over normal varieties. As it will be seen this class is a generalisation of the one studied by Bânicâ and therefore we name these sheaves after him. [F1, 2.12] . If r = dim Y, so that dim P(03B5) = 2 dim Y -1, then because of (2.4) we can apply the last assertion of (2.5) and we are through again.
Similarly, for r = dim Y -1 we can apply (2.5) to get the desired result as soon as we prove the following somewhat more general: LEMMA 2.6.1. Let p : P( É ) -Y be a projectivization of a rank-r Bânicâ sheaf.
Suppose that dim Y &#x3E; r dim Y -2. Let F ~ pk be a fiber of p of dimension &#x3E; r -1. Then k dim Y -1.
Proof. Let us assume the contrary. [SW, 1.6] and [KMM] . We are only to prove that has positive intersection with any extremal rational curve C in P(03B5) not contracted by p. We claim that the curve C may be chosen so that p( C ) is not contained in the singular locus of 03B5. Indeed, if it were, then the whole locus of the ray R+ [C] would be contracted by p to a set of dimension 1, thus all fibers of the contraction of the ray would be of dimension 1, hence the locus would be a divisor [Wl, l.l If, for any k E Z and i = 1, 2, the groups H'(H, (£* 0 k)|H) vanish then E is locally free.
We will need also the following version of the lemmata 4.1 and 4.2 for arbitrary sheaves with isolated singularities. [YZ] , [F2] and [ABW] . [I, 0.4] or [Wl, 1.1 ] . Therefore there exists a rational curve from the ray meeting the singular locus of E. Because of (4.6), these curves have intersection at least n + 1 with -KY. Consequently, by an argument on deformation of curves passing through a point (see e.g. [Wl] ), Pic Y = Z and we compute easily that h'Y = ( n + 1 ) ( Ily + det 03B5) and therefore by a theorem of Kobayashi-Ochiai Y ~ pn.
The restriction of E to a generic hyperplane H C Pn is an ample vector bundle and ci (EH) = n + 1, therefore we see that 03B5H ~ Tpn-l or 03B5H ~ O(2) ~ O(1)~(n-1), the latter possibility ruled out because of 4.2.2. In the former case, we use 4.2 to produce an extension of E to a locally free sheaf F; the only possible non-trivial extension on .FI leads to a decomposable bundle OH(1)~n so the bundle F is decomposable as well (see e.g. [OSS] ).
For the remaining cases the argument is similar. Assume first, that KY + cl E is nef but not ample. Therefore there exists a ray of Y having intersection 0 with the divisor. The length of the ray is a at least n -1, [Wl, 1.1] . If the contraction of the ray is birational then it is actually divisorial and the ray has to have length n -1. In this case, however, the exceptional locus can not meet the singular locus of E because then we would find out (4.6) that the length is actually n which contradicts [I, 0.4] . Consequently, î is a vector bundle in a neighbourhood of E and the arguments from [ABW, 2.4] apply to conlude the description of the blow-down morphism and the sheaf E as in the case (3) of the theorem.
If the contraction of the ray in question is of fiber type then a fiber containing a singular point of E has to be a divisor (again, since -Ky . C n for any rational curve passing through the singular point). Thus the contraction is either to a point (which is the case of (2.1)) or onto a smooth curve B. In the latter case we consider fibers which do not contain singularities of E and as in [ABW, 2.2] we prove that the fibers are projective spaces. Similarly, we conlude that Y has a structure of a scroll P(G) ~ B over the curve and E restricted to a general fiber F of the contraction is isomorphic to TPn-1. To complete the description of F we choose a smooth divisor H C X which is a hyperplane in each fiber of the scroll and which does not meet the singular set of E; the restriction of E to any fiber of H ~ B is then Ton-2 e O(1). After twisting E by a pull-back of a negative line bundle from B it will satisfy assumptions of (4.2) on H, so that it will extend to a vector bundle F. The description of F follows now easily, since its restriction to a general fiber has to be isomorphic to O(1)n.
To conclude the theorem note that the loci of extremal rays can not meet (because we would have a curve contracted by both contractions) and therefore the description of the adjoint morphism is as in (2) of the theorem.
Fano manifolds of middle index
In the present section we want to complete the classification of Fano manifolds of index r and dimension 2r with second Betti number b2 2. Let us recall that a smooth projective variety X is called Fano if its anti-canonical divisor -Kx is ample. The index of the Fano variety is equal to the largest integer r for which -KX ~ rH, for some ample divisor H. Such varieties with projective and quadric bundle structure were studied in [PSW2] and [W2] , respectively. To complete their classification one has to deal with these which are non-equidimensional scrolls [W2, Theorem 1].
(6.0). Our set-up is as follows: X is a Fano manifold of index r and dimension 2r 6, and it is a projectivization of a non-locally free Bânicâ sheaf E over a smooth variety Y of dimension r + 1. The projection X ~ Y we will denote by p; we may choose E = p*(O(H)), so that the line bundle associated to H is OP(03B5)(1). The variety X admits also another non-trivial map (a contraction) with connected fibers ~: X ~ Z onto a normal variety Z. In [W2, Thm. I] it was proved that all fibers of p are of dimension r and thus, because of [AW, Thm. 4 .1 ], Z is smooth and one of the possibilities occurs:
(i) dim Z = r + 1 and p : X -Z is a projectivization of a non-locally free sheaf;
(ii) dim Z = 2r and p : X -Z is a blow-down of a smooth divisor E in X to a smooth subvariety T C Z, dim T = r -1; (iii) dim Z = r and ~: X ~ Z is a quadric bundle; (iv) dim Z = r + 1 and cp: X ~ Z is a projective bundle.
(6.1). Fano manifolds with projective bundles were studied in [PSW2] ; from the classification obtained in the paper it follows that the last possibility (iv) can not occur. Quadric bundles were studied in [W2] and it had tumed out that two of the quadric bundles obtained there have also a structure of projectivization of non-locally free sheaf:
(a) a divisor of bidegree (1, 1) in the product Pr x Qr+1, (b) a divisor of bidegree (1, 2) in the product Pr x Pr+1.
From now on we assume that we are either in case (i) or (ii), which we will call fiber and divisorial case, respectively.
Our arguments are similar to those from [PSW2] : we will use 'big fibers' of the map p, that is fibers of dimension r. We know that they are isomorphic to P'' and the restriction of H to each of them is (9(1), see [AW, 4.1 Proof. Assume the contrary. Let us take a general fiber F of p such that E restricted to the fiber is a hypersurface of degree &#x3E; 1. Let us take a line in F which is not contained in F n E; on this line choose two points x1 ~ x2 such that x1, x2 ~ F ~ E. Let Gi := ~-1(~(xi)). We claim that there exists a curve C C Y, p(F) E C, such that: (*) for a general c E C: #(p-1(c) fl (G1 U G2)) 2. The case r = 3 (that is f = p2) is dealt with similarly: apart of 03B5f(-1) Õ 5/O((-)2 also decomposable bundles and a bundle with Chern classes (c1, c2) = (2, 2) admit morphism onto 4-dimensional variety, see the main theorem of [SW] . As above we check a vanishing to claim that 03B5F(-1) extends to a locally free sheaf 0 on F = p3,:F is nef with Chem class ci = 2, thus globally generated, see [PSW1] . But P(F) contains P(03B5) which is mapped onto a 4-dimensional variety, so itself it has to be mapped onto a 5-dimensional variety. Again, by [ibid] the only possibilities for J7 are O6/O((-1)2 or f2p3 (2) EB 0, or N(1) ~ 02 where N is a null-correlation; we are to exclude the latter two possibilities.
To this end note that c3(03A9P3(2)) = 0 and thus ÉF is locally free. Now we can apply an argument from [PSW2, 5.5] : using the relative Euler sequence (because E is locally free on p(F)) we compute the total Chem class of 03A9X|F
On the other hand, because of [AW, 4.9, 4.12 We summarize the result in the following THEOREM 6.8. Let X be a Fano manifold of index r and dimension 2r. Assume that X is a projectivization of a sheaf 9, p : X = P(03B5) ~ Y, and assume moreover that E is not locally free. Then one of the following holds (note that the top Chern class cr+1 (E) is equal to the number of singular points of £):
(i) Y ~ pr+1 X is an intersection of two divisors of bidegree (1, 1) in pr+1 X Pr+1, 334
